We prove the existence of two-dimensional good lattice points in thick multiplicative subgroups modulo p.
Introduction
Let p ≥ 3 be a prime number. Take an integer a such that 1 ≤ a ≤ p − 1. Consider a sequence of points In the present paper we generalize this result.
In the sequel Z * p denotes the multiplicative group of residues modulus p. U denotes a multiplicative subgroup of * p and · denotes the distance to the nearest integer. For 1 ≤ a < p we need the continued fraction expansion 
Then there exists an element a
It is well known (see [4] ) that
So we immediately obtain the following
Corollary. Under the conditions of Theorem 2 there exists an element a ∈ R such that
We do not calculate optimal constants in our results. Of course constants 10 5 and 10 8 may be reduced.
Character sums
Let p be prime,
Moreover, for different ν and µ we have
c , χ be a non-principal character to prime modulus p. Then
Proof. Dividing the summation area into parts, we obtain
Let h denotes the height of rectangle Π i and w denotes the width. Then hw = k 2 . We will use following Burgess' result (see [4] for details) Theorem. Let χ be a non-principal character to prime modulus. Then 
Here r is an arbitrary positive integer.
Taking r = 2 in the Burgess' theorem we obtain
Since there is only ≤ 2 log 2 p rectangles Π i we deduce that 
Continued fractions
We will use two lemmas about continued fractions (see [5] ). 
.
Proof of Theorem 1
Let t = 16 log p. Consider the sum
and the summation is over all pairs (x, |y|) ∈ Π t . If S(a) = 0 then by (3) for all 1 ≤ x, 1 ≤ |y| < p, x|y| ≤ p/t we have ax − y 0 (mod p).
In particular (4) holds for y = ± ax p p. Therefore for each 1 ≤ x < p we have
Using Lemma B we obtain
From (5) and (6) we see that b k (a) < t and all continued fraction coefficients of a/p are less than t.
Now we express S(a) as a sum
where the first summation is over all characters to modulus p. Consider the sum S = a∈R S(a) then
where χ; U denotes the summation over all characters to prime modulus p trivial on U. It's now clear that
Using Lemma 1 we obtain the following estimate
and the theorem follows.
Proof of Theorem 2
Define 
